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128
pi2
L(∂Eab)
4 a
3 I2(Eab)
32 a b2
=
L(∂Eab) I2(Eab)
A2(Eab)
,
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 ffi  %8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a = b
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Rab .
:fiffi/ &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a
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
b
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0&>3GL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I2(Rab) =
2 ( a3 + b3 )− 8 (√ a2 + b2 )3
3
+ 4 a b2 I
( a
b
)
+ 4 a2 b I
( b
a
)
,
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I(x) =
x∫
0
√
t2 + 1dt =
1
2
[
x
√
x2 + 1 + log
(
x +
√
x2 + 1
)]
.
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I(−x) = I(x) ; I ′(x) > 0 ; I ′′(x) > 0 fl I ′′′(x) > 0 WYfl x > 0 H
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fi ff$ffffi5  9I 	 fiGff:fi
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s = a + b fl
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I2(Rab)/a
2 b2
 %ffiK9 fi 9
	 fiffifi
	 = 	 ? fl fl9 >= %$  2fi 	9fffi<8fl&7ffffi8"$ 
s/2 fl
fi"!< !
I2(Rab)
A2(Rab)
≥ 8
3 s
[
3 log( 1 +
√
2 ) + 1−
√
2
]
≈ 11.8928
L(∂Rab)
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3(a + b)
2 a2 b2
I2(Rab) = f(
a
a + b
) + f(
b
a + b
) ≥ 2 f(1
2
) ,
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f(x) =
3
x
log
x +
√
1− 2 x (1− x)
1− x −
1
1− x +√1− 2 x (1− x)
WY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0 < x < 1 .
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3W fl	fi
;
fi
	5flB\FV&/
.
3fiffi/9_fi
f ′′(x) > 0
WY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0 < x < 1 ;
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fiffi/9_fi
( f(x) + f(1 − x) )/2 ≥ f(1/2) = 2 ( 3 log( 1 + √2 ) + 1 − √2 )  @!/\:fiffi
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∆abc .
:fiffi/4  2*6flfi&/
a, b ;
fl
c
fl3ff: 
7<&=Afiffi
s = (a + b + c)/2
&L	D/Bfiffi/%fiJ5fl	D/M&V
&/QfiffiEfiffi/9fl3fi&/a&L flWXfi&/Vflfi&/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I2(K3)
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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=Afiffi	CWYL	AfiffiCflW[fiffi/+%6*\$1Mfiffi/=&0
a, b, c ;
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s
H
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I2(∆abc)
A2(∆abc)
=
4
3
[
1
a
log
( s
s− a
)
+
1
b
log
( s
s− b
)
+
1
c
log
( s
s− c
) ]
,
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A(∆abc) =
√
s (s− a) (s− b) (s− c) H
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	 ff !ff
2 s = a + b + c fl
  %$ fi#
I2(∆abc)/A
2(∆abc)
%$ < %$fiffi 9 fi 9*	 fiffifi
	 =	 ?    >=8fi& %$ !ff %$&) <fffi<%$ffi8"$&7
fl
fi"!< ! WY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a = b = c =
2 s/3
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&6Vfiffi/

Qfiffi	fi

	$#flA@!fi21flW fiffi/0JWYL0	fi&
g(x) =
1
x
log
( s
s− x
)
=
1
s
∞∑
k=1
1
k
(x
s
)k−1
WY
0 < x < s ,
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I2(∆abc)
A2(∆abc)
=
4
3
(
g(a) + g(b) + g(c)
)
≥ 4 g
( a + b + c
3
)
=
12 log 3
L(∂∆abc)
.
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a = b = c = 2s/3
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In(K)
fl flL\*(Gfi&6&fl*$h# fi&/(\<L09flQ1
∂K
H N[flC\06
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aWYCL*-%[WY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In(K)
6fl#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&CN[/9%70fi5H DH b0H e
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7 H(b
J
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\0fiD%
In(K) = − n
2 (n− 1)
∫
∂K
∫
∂K
‖s1 − s2‖n−1 cos(θ1 + θ2) ds1 ∧ ds2
WY
n ≥ 1 ;G. /0& θ1 = θ1(s1)

&&7 H
θ2 = θ2(s2)

0flfi&[fi&/Kfl6*,\Ffi
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8fiffi/fiD%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s1

&&7 H
s2
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∂K
flfiffi/0?	D/0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s1
fl
s2
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K = KN
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$# @47F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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Qfiffi	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A1, . . . , AN

%Gfi&: "	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R	D^
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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Ufl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αi
_fi
Ai
%36fl
Li = Ai Ai+1 ;<.
/
AN+i = Ai ; LN+i = Li
fl
αN+i = αi
WY
i = 1, . . . , N
H  E\G#RL&*:1
; ∂KN = L1 ∪ · · · ∪ LN H2"W s1 ∈ Li \ {Ai+1} fl0
s2 ∈ Li+j \ {Ai+j} ; fiffi/ . ?6flfiK (j + 2)− 6fl . :fiffi/+#fi&	 s1, Ai+1, . . . , Ai+j, s2 &L0	D/
fiffi/9_fi
θ1+θ2+αi+1+ · · ·+αi+j = j pi =7*:1R6 cos(θ1+θ2) = (−1)j cos(αi+1+ · · ·+αi+j) H
.KW fi&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6fl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n
fi&/! 2KNP'2
In(KN)
>3GL9fl*
N∑
i=1
N−1∑
j=1
(−1)j+1 cos
( j∑
k=1
αi+k
)
In(Li, Li+j)− 1
n2 − 1
N∑
i=1
|Li|n+1
= 2
bN−1
2
c∑
j=1
(−1)j+1
N∑
i=1
cos
( j∑
k=1
αi+k
)
In(Li, Li+j)− 1
n2 − 1
N∑
i=1
|Li|n+1
−( 1 + (−1)N ) (−1)N/2 N/2∑
i=1
cos
(N/2∑
k=1
αi+k
)
In(Li, Li+ N
2
) ,

J 
.
/ |Li| = ‖Ai − Ai+1‖ fl0
In(Li, Li+j) =
n
2 (n− 1)
∫
Li
∫
Li+j
‖s1 − s2‖n−1 ds1 ∧ ds2 .
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n = 2
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I2(AB, CD)
WYV	$#flA@ 3GL9fl&fl6*
2ABCD

Jε1,ε2(a, c, e) =
a∫
0
c∫
0
‖A− C + s
a
(B − A)− t
c
(D − C) ‖ dt ds
=
a∫
0
c∫
0
√
s2 + t2 + e2 − 2 s e cos ε1 − 2 t e cos ε2 + 2 s t cos(ε2 − ε1) dt ds ,
+
./
a = ‖A− B‖ , c = ‖C −D‖ , e = ‖A− C‖ , ε1 = ∠(CAB) ; fl ε2 = ∠(ACD)
fi&=
2ABCD
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=fl^%%\*1
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L\*=$fiffi6flffifl*
Jε1,ε2(a, c, e)
	5flS\<ffA@!7&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flO	*fl& WY&L*-  fiffi&ffflWfi&/SWYL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\0fiffifl+fiffi/%fi
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WYfl
ε1 6= ε2 ;
Jε1,ε2(a, c, e) =
e3 sin3 ε1
3 sin(ε2 − ε1)
[
I
( e cos ε1 − a
e sin ε1
)
−I(cot ε1) ]− e3 sin3 ε2
3 sin(ε2 − ε1)
[
I
( e cos ε2 − c
e sin ε2
)
−I(cot ε2) ]
+
( e1 sin ε1 + c sin(ε2 − ε1) )3
3 sin(ε2 − ε1)
[
I
( e cos ε1 − c cos(ε2 − ε1)
e sin ε1 + c sin(ε2 − ε1)
)
−I
( e cos ε1 − c cos(ε2 − ε1)− a
e sin ε1 + c sin(ε2 − ε1)
) ]
− (e2 sin ε2 − a sin(ε2 − ε1))
3
3 sin(ε2 − ε1)
[
I
( e cos ε2 − a cos(ε2 − ε1)
e sin ε2 − a sin(ε2 − ε1)
)
− I
( e cos ε2 − a cos(ε2 − ε1)− c
e sin ε2 − a sin(ε2 − ε1)
) ]
fl
Jε,ε(a, c, e) =
e3 sin3 ε
3
[
J
(a + c− e cos ε
e sin ε
)
− J
(c− e cos ε
e sin ε
)
− J
(a− e cos ε
e sin ε
)
+ J
(
cot ε
) ]
WY
ε = ε1 = ε2 .
fiffi/
J(x) = 3 x I(x)− (√x2 + 1)3 H
"W
ε1 = 0 ;
 H %H
e = a
fl
C ≡ B ; fi&/
J0,ε(a, c, a) =
a3 sin2 ε
3
[
I
(c− a cos ε
a sin ε
)
+ I
(
cot ε
) ]
+
c3 sin2 ε
3
[
I
(a− c cos ε
c sin ε
)
+ I
(
cot ε
) ]
.
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Jε,ε(a, a, e)
7 H
J0,ε(a, c, a)
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N = 4
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7 H
N = 3 .
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fiffi/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%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α, β, γ
fl0 ff: 27Ffffi&
s = (a + b + c)/2 .
 L0&Ufiffi/J*-_fiffifl
tan
α
2
=
A(∆abc)
s (s− a) , tan
β
2
=
A(∆abc)
s (s− b) , tan
γ
2
=
A(∆abc)
s (s− c) ,
%4I,3 WYfl&CL*
A(∆abc) =
√
s (s− a) (s− b), (s− c) fi&=fl\0fiDfl  +  H
J
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 PN . fi&/#fi&	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06flfiffi/ a 6fl#R6Ofiffi/
	&	L0=&flL0
rN = a/2 sin ϕN .
fi&/
ϕN = pi/N
H /?#flQfiffi	
A1, ..., AN (= A0)
	5fl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
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:fiffi/SCL*fi&7*UflW[fiffi/=Lfi &Rflfi&
Ak = rN ( cos(2kϕN), sin(2kϕN) )
HIK0	
;
WY
k = 0, 1, ..., N − 1 ;0. ?/95#
‖A0 Ak‖ = 2 rN sin(kϕN) = a sin(k ϕN)
sin(ϕN)
.
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WY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I2(KN)
S	fl&=flW&6L*fl
N− 6 PN 	\ . :fiffi/Bfiffi/
$fiffi6ffi%*) @070&&U !	Afi5H?b8fl
A(PN) = N a
2/4 tan ϕN
fl
L(∂PN ) = N a
*5fl0
fiffiVfiffi/0JWY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N = 3, 4, 5, ...
  % ff$
I2(PN) =
A2(PN)
L(∂PN )
cN =
a3 N cN
16 tan2 ϕN
2fi 
cN = bN − aN ,
 ff 
aN =
16
3 cos ϕN
bN−3
2
c∑
k=1
sin2(k ϕN) sin
2((k + 1) ϕN)
cos(k ϕN) cos((k + 1) ϕN)
log
( tan (k+1) ϕN
2
tan k ϕN
2
)
%$ffi)
bN =
16
(
1 + cos ϕN
)3
3 sin ϕN sin( 2 ϕN )
log
( 1 + sin ϕN
2
cos ϕN
2
)
?  >K
N ≥ 3 ,
bN =
16
3
[ 1 + sin2 ϕN
sin2 ϕN
log
( 1 + sin ϕN
cos ϕN
)
− tan ϕN
2
]
?   ff$ffffi
N ≥ 4 .
.9
N ∈ {3, 4, 5, 6} . fi&/ cos ϕN A@!7&&\* \$1+3RLfl&?&RflfiPfi&&ff . J6Afi 
c3 = 12 log 3 , c5 =
10 (2 +
√
5)
3
[
2 log(2 +
√
5)− (8− 3
√
5) log 5
]
c4 =
16
3
[
3 log( 1 +
√
2 ) + 1−
√
2
]
, c6 =
4
3
[
11 log 3− 2 log(2 +
√
3)− 4(2−
√
3)
]
c8 =
16
3
[
(5 + 2
√
2) log
(
1 +
√
4 + 2
√
2
)
− (8 +
√
2) log(1 +
√
2)− (1 +
√
2)(
√
4− 2
√
2− 1)
]
+
8
3
[
(2 +
√
2) log
(√
2− 1 +
√
4− 2
√
2
)
− (3
√
2− 4) log
(
1 +
√
2 +
√
4 + 2
√
2
) ]
)
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